The mechanism of transition from laminar state to turbulent state in Keplerian disks is still unknown. The most popular version today is generation of turbulence due to magnetorotational instability (MRI). However magnetohydrodynamic simulations give the value of Shakura-Sunyaev parameter more then an order of magnitude smaller rather than that found from observations. One way to solve this problem is the existence of an alternative or additional mechanism for generating turbulence. It can be the bypass mechanism, which is responsible for transition to turbulence in Couette and Poiseuille flows. This mechanism is based on the transient growth of linear perturbations in the flow with the subsequent transition to the nonlinear stage.
Introduction
The mechanism which is responsible for energy transfer from the main flow to perturbations must be linear. This is clear from general conclusion that while perturbations are small all orders of magnitude are suppressed with respect to the linear as well as from the rigorous derivation for vortical motion (see Schmid and Henningson (2001) , Henningson and Reddy (1994) ).
For this reason, the study of turbulence generation in astrophysical disks started from finding linear perturbations which are growing exponentially with time. Today we know of two linear instabilities generating turbulence in the disks: magnetorotational instability and vertical shear instability. The first one owes its existence to the magnetic field, and the second one -to the vertical gradient of the angular rotation velocity of flow.
The role of magnetorotational instability was first shown in the article by Balbus and Hawley (1991) . It has been demonstrated that instability with the maximum increment of ∼ 0.75Ω −1 exists in a magnetized differentially rotating flow, and it generates turbulence in the flow on the nonlinear stage.
Numerical simulations, which have been carried out, for example, in Simon et al. (2012) , predict a value of Shakura-Sunyaev parameter (Shakura and Sunyaev (1973) ) α ∼ 0.03. However, there are some observational evidences (Suleimanov et al. (2008) , King et al. (2007) , Kotko and Lasota (2012) , Lipunova (2015) ), that indicate that the value of this parameter in real disks is higher by more than an order of magnitude compared to that obtained in simulations. Thus the possibility of explanation of the observed effective viscosity by MRI-produced turbulence is still not clear.
Moreover, MRI cannot work in the so-called "dead zones" of protoplanetary disks in which medium ionisation degree is too low for the required coupling with the magnetic field.
The second supercritical instability, which provides the transition to turbulence on the nonlinear stage is the so-called vertical shear instability which is similar to the Goldreich-Schubert-Fricke (GSF) instability. It was discovered in the work Goldreich and Schubert (1967) and independently in the work Fricke (1968) , adapted to the accretion disks in the works Urpin and Brandenburg (1998) , Urpin (2003) and Arlt and Urpin (2004) . The possibility of turbulence generation with effective viscosity α ∼ 10 −3 by this instability was shown in the work of Nelson et al. (2013) . Because this instability is not associated with magnetic field, it can work in "dead zones", but effective viscosity produced by this instability is much less then produced by MRI.
A similar problem existed in laboratory hydrodynamics. Taylor-Couette flow is linearly stable up to Reynolds numbers less then Re ∼ 5772, but becomes turbulent already at Re < 350. Solution of this problem was connected to the mathematical properties of dynamical operator, which controls linear perturbations in the flow. Because of the significant radial gradient of the flow angular velocity, operator has eigenfunctions which are nonorthogonal. For this reason, even in linear steady flows, perturbations showing transient growth of amplitude can exist. This growth provides the energy transfer from regular to turbulent motions in Taylor-Couette flow (see, for example, Trefethen et al. (1993) ). The mechanism associated with transition to turbulence due to transient growth is called bypass mechanism.
And the question about the possibility of the application of this mechanism to accretion and protoplanetary disks of course arises. The first step is to investigate the opportunity of significant transient growth of linear perturbations in astrophysical disks. Razdoburdin and Zhuravlev (2012) .
In the present paper a fairly new method of investigation of transient dynamics is described. It was first used in astrophysical study in Zhuravlev and Razdoburdin (2014) , but previously had been extensively used in hydrodynamics in papers Luchini (2000) , Corbett and Bottaro (2001) , Gugan et al. (2006) , see also Schmid (2007) and Gunzburger (2003) .
To describe dynamics of small perturbations in the disk which is rotating with angular velocity Ω(r) with surface density profile Σ(r), the sound speed profile a eq (r) in the equatorial plane and polytropic equation of state with the polytropic index n the following system of linearized Euler equations and the continuity equation were used (see. Zhuravlev and Razdoburdin (2014) ):
Here δv r , δv ϕ , δh ∝ exp(imϕ) are azimuthal complex Fourier harmonics of Euler perturbation of the radial and azimuthal velocity and enthalpy, a 2 * ≡ na 2 eq /(n + 1/2), κ 2 = (2Ω/r)d/dr(Ωr 2 ) -square of epicyclic frequency. Coordinates are expressed in terms of the inner radius of the disk r 0 , time is expressed in units of inversed Kepler frequency on the inner edge Ω −1 (r 0 ).
The system (1-3) can be written in operator form:
where vector q is equal to q = {δv r , δv ϕ , δh}. Solution of equation (4) has the form:
It is necessary to find an initial condition q(0) for which the functional:
will reach its maximum value provided that the equality (4) is fulfilled. In order to find such initial conditions the method of Lagrange multipliers is used. In this case, Lagrangian consists of two components: the goal and the penalty terms which is non-zero only if q does not obey equation (4) (see Corbett and Bottaro (2001) , Gugan et al. (2006) , Schmid (2007) ):
Extremum of functional (6) is achieved if variations of the Lagrangian with respect to q and toq are equal to zero. The variation with respect toq leads to the equation (4), and variation with respect to q leads to equation forq, as well as to links betweenq and q in the initial and final time points (see Zhuravlev and Razdoburdin (2014) , Razdoburdin and Zhuravlev (2015) for details):
where A † -is the operator conjugated to A.
Solution of equation (8), can also be written through the matrix exponential:
To find the explicit form of A † it is nessessary to set a scalar production of vectors. In this work the scalar production is chosen in such a way that the norm squared of the state vector is equal to the acoustic energy of perturbation:
Figure 1: The scheme of the iteration cycle for finding the optimal perturbations which satisfies the system of the dynamic equations (4), see. Schmid (2007) .
In this case operator A † corresponds to the following system of equations (Zhuravlev and Razdoburdin (2014) ):
The joint solution of the systems (1 -3) and (13 -15) allows us to find profiles of the initial perturbation of enthalpy and velocity, which demonstrate the highest possible growth of acoustic energy at time t. To find the joint solution the method of power iterations was used. This method consists of the sequential integration of system (1 -3) forward in time, and the system (13 -15) backward in time (see. figure 1 ) up until the desired accuracy of optimal perturbation is achieved.
Since this method allows one to find the perturbation which shows the highest possible growth of the energy, it can be used not only for calculation of transient growth, but also for finding the most unstable eigenfunction in a spectraly unstable flow. An example of such unstable mode is displayed in the figure 2. It is easy to notice that the the mode's pattern rotates rigidly even in a differentially rotating flow. In contrast to the mode, the transiently growing perturbation initially represents a leading spiral unwound by the differential rotation of the flow. Amplitude of the spiral increases during this process. After reaching the maximum amplitude, the spiral begins to twist in the other direction, and the amplitude is reduced (see figure 3 ). In the work by Zhuravlev and Razdoburdin (2014) was shown that at the initial time the form of the optimal perturbation is close to the vortex with the same potential vorticity.
To calculate the value of transient growth G (t) = ||q(t)|| 2 ||q(0)|| 2 the standard Shakura-Sunyaev disk model in the limit of low viscosity was used as a background (Shakura and Sunyaev (1973) ). Profiles of the surface density and sound speed can be found in Zhuravlev and Razdoburdin (2014) ). In the figure 4 the blue curve shows the dependence of the optimal growth with respect to time.
It is easy to notice that the curve is visually divided into three parts: up to t ∼ 2 G(t) shows quite rapid growth, then up to t ∼ 7 growth becomes much more slow, and when after t ∼ 7 it restores. This behavior is connected to the fact that at small times perturbations in the form of epicyclic motions are dominated, but long term twisted spirals like the one shown in figure 3 become dominant. The dependence of the optimal growth at time topt = 10 with respect to azimuthal wavelength for a background flow in form of homogeneous disk described in Zhuravlev and Razdoburdin (2014) .
The dependence of the optimal growth on the azimuthal wavelength is shown in figure 5 . For a more convenient parameterization of the problem, the parameter R is used. It is equal to the ratio of the azimuthal wavelength to the thickness of the disk on the left boundary:
Perturbations with wavelengths of the order of the disk thickness R ∼ 1 are amplified most effectively, becouse of the prominent exitation of shearing density waves (Heinemann and Papaloizou (2009a) , Zhuravlev and Razdoburdin (2014) ). However large-scale vortices with azimuthal wavelength more than an order of magnitude in excess of the disc thickness, are still able to grow by dozens of times.
Conclusions
The ability of Keplerian flow linear perturbations to significant transient growth is demonstrated above. Such growth is a necessary but not sufficient condition for launching the bypass scenario of transition to turbulence. For transition from growth of linear perturbations to a self-sustaining non-linear turbulence it is necessary to have mechanisms that would translate the trailing spiral similar to that shown in figure 3 to leading. Today we can provide arguments both for and against the existence of such mechanism. On the one hand the effects of tidal and Coriolis forces, that are absent in the Couette flow, dramatically stabilize the flow (see figure 9 in Balbus and Hawley (1998) ). This argument is supported by the spatially local numerical simulations Hawley et al. (1999) , Shen et al. (2006) and by the series of laboratory experiments Ji et al. (2006) , Schartman et al. (2009 ), Schartman et al. (2012 . Stability of the quasi-Keplerian flow was observed up to Reynolds numbers Re = 2 × 10 6 in this experiments. On the other hand, due to the extremely low molecular viscosity in astrophysical disks Reynolds number can reach the value of Re ∼ 10 10 . In addition subcritical turbulence observed in flows of cyclonic type (about cyclonic and anticyclonic flows see, for example, Lesur and Longaretti (2005) ) at the high but finite Reynolds numbers (see Taylor (1936) , Wendt (1933) ). Moreover, the negative results obtained in numerical simulations, can be explained by insufficient numerical resolution (see Longaretti (2002) ). In subsequent work Lesur and Longaretti (2005) dynamic of perturbations in the cyclonic and anticyclonic flow was compared by numerical methods. It was concluded that the requirements for the numerical resolution for the anticyclonic flow is much higher than for the cyclonic, and current numerical resources is insufficient to detect turbulence in Keplerian flow. Also, the possibility of turbulence generation cannot be eliminated by only the stabilizing action of the Coriolis force. Finally, another laboratory experiment, which is presented in articles Paoletti and Lathrop (2011) and Paoletti et al. (2012) , shows the generation of subcritical turbulence and angular momentum transfer to the periphery of the quasi-Keplerian flow. The contradictions in the results of the two different groups of researchers, show the complexity of the experiments.
Thus the ability of the bypass scenario in astrophysical disks is the subject of future research.
